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Abstract—Nowadays, power imbalance happens more fre-
quently due to the more integration of renewable energy sources.
Energy storage is a kind of devices that can charge energy at one
time and discharge energy at another time. This function makes
that storage is widely envolved into promoting power balance
of power system. Besides this function, storage can also emulate
virtual inertia to respond to frequency deviations in the system.
This work provides a generalized optimization framework to
analyze how to control power and virtual inertia from storage
to participate in frequency response when a large disturbance
happens. Centralized and distributed model predictive control is
employed here, and case study verifies the effectiveness of our
optimization framework.
Index Terms—energy storage, power, virtual inertia, model
preidctive control
I. INTRODUCTION
Wind power and solar power have been brought into power
system considering that we want to build a more enviro-
mentally and economically friendly society, and this makes
that there appears high ramping for the netload in power
system [1]. One of the functions for storage is to smooth
the load and further reduce power mismatch, which makes it
easy for conventional generators to catch up. Power imbalance
will cause frequency deviations, and it is not desired for the
equipments in power system. Another fact is that more and
more conventional generators have been replaced by renew-
ables [2], frequency problems will be more severe. To face
these challenges, researchers propose the concept and develop
the technique “virtual inertia” to secure the frequency of power
system for power electronic deivices including energy stor-
age [3]. Until now, there are two functions for storage to deal
with power imbalance in system, virtual inertia and providing
charged/discharged power. And the research question is how
we control power or virtual inertia from storage for frequency
response?
To answer this question, the characteristics of storage are
reviewed first. Storage have different categories including
chemical, thermal, electrical, electrochemical and mechanical
storage [4]. Because we focus on applying energy storage into
frequency control of power system, electrochemical storage
(or battery storage) will be the primary task takers for its fast
acting speed. Normally, there will be only tens to hundreds
of milliseconds for battery storage to reach its power capac-
ity [5], [6]. This characteristic makes that storage can provide
charged/discharged power to the system when power imbal-
ance happens, which can reduce the frequency deviations. And
this method can be applied in primary frequency control [7]
and security constrained OPF [8].
On the other hand, storage, as a kind of power-electronic
devices, can implement virtual inertia to respond to frequency
deviations [9]. And virtual inertia can be fixed with time (time-
constant) or changes with time (time-variant) [10]. Tradition-
ally, virtual inertia, as parameters in control process (mainly
represented by transfer function), is fixed [11], [12]. To
analyze the effects of virtual inertia, the optimization objective
functions include minimizing the angle differences [11]–[13]
or minimizing the costs from power electronic devices [14].
For the time-variant virtual inertia, there is only one work
addressing that how to control time-variant virtual inertia from
storage can have desired frequency trajectory [15], but there
still remains a open question that in frequency regulation
process, which is better between controlling power or virtual
inertia from storage to achieve a certain control objective.
To optimize the desired index (stability or economic) for
power system, myopic optmization and looking ahead opti-
mization are two major optimization techniques [16]. Myopic
optimization means optimization is conducted when all the
information is known. However, in power engineering practice,
there are many uncertain resources such as loads and wind
power. Many forecast methods have been developed to help
us to get better command of these uncertain parameters [17],
[18], but absolute accuracy can not be reached. To better
utilize these forecast information, looking ahead optimzation
technique (mainly represented by model predictive control
(MPC) [19]) is widely applied. And also, distributed MPC
is also developed and applied to meet the needs that decisions
should be made by different control centers at different places
of power system [20], [21].
Charged/discharged power and virtual inertia are two kinds
of control resources (or decision variables) for storage, and
they have different units. In this work, we aim to give a
optimization framework to analyze how to optimally dispatch
these two control resources. The objective is to minimize
frequency deviations of all buses in the system. The con-
straints include the frequency contraints at certain buses and
the power/energy constraints of storage. This optimization
framework is utilized to do the following analysis:
i. This optimization framework can give a decision that how
to allocate virtual inertia and dispatch power to meet a
certain control objective.
ii. This optimization framework can make the resources
allocation decisions to be determined in a distributed way,
which can meet the needs of current power system with
multiple control centers.
iii. Model predictive control is employed to incorporate the
potential forecast errors from uncertain resources such as
2wind power and load power.
The remainder of this work is structured as follows. In
Section II, the structure preserving model and energy storage
model are presented. Section III presents the mathematical
model of this optimization framework and illustrates how the
distributed model predictive control works. Centralized MPC
is conducted on a two-bus system and distributed MPC is
conducted on a 12-bus system in Section IV. The last section,
Section V, gives the final conclusion.
II. MODELING
A. Power System Dynamics
The structure preserving model [22] is utilized here to model
the dynamics of power system. In this model, reactive power
is ignored and voltage magnititudes at all buses are assumed to
be constant at 1 per unit value (p.u.). And all the transmission
lines in power system are assumed to be resistanceless. There
are N nodes or buses in power system. Nodes or buses with
inertia and without inertia are denoted as the set G and set
L respectively, and superscripts g and l are the elements
from G and L respectively. In power system, nodes with
inertia are generally buses with generators or motors, and the
corresponding dynamics are described as follows,
δ˙gi = ω
g
i (1)
ω˙gi = −
Di
Mi
ωgi −
1
Mi
N∑
j=1
j 6=i
bij sin(δi − δj) +
1
Mi
P 0i (2)
where δi and δj are the angle of bus i and bus j respectively,
and Mi and Di are the inertia and damping of bus i respec-
tively, ωi is the frequency at bus i, and it takes the nominal
frequency as a reference. bij is the susceptance between bus i
and bus j, and bij sin(δi − δj) is the active power flow from
bus i to bus j, P 0i is a shorthand for P
0
M,i−P
0
D,i, which is the
difference between mechanical power input P 0M,i of generator
at bus i and load demand P 0D,i at bus i. For the nodes without
inertia, ususally load buses without motor loads, the dynamics
can be descibed as follows,
δ˙li = −
1
Di
N∑
j=1
j 6=i
bij sin(δi − δj) +
1
Di
P 0i (3)
where the mechanical power input P 0M,i at buses without
inertia is equal to 0 and P 0i is equal to −P
0
D,i, representing
the active power drawn from the node i.
B. Energy Storage Dynamics
Energy storage can mimic the behaviour of synchronous
generators to provide virtual inertia and damping, the dynam-
ics of energy storage are given below [14],
δ˙ei = ω
e
i (4)
ω˙ei = −
De,i
Me,i
ωei −
1
Me,i
N∑
j=1
j 6=i
bij sin(δi − δj) +
1
Me,i
P ei (5)
whereMe,i andDe,i are virtual inertia and damping for energy
storage at bus i respectively, P ei is the constant or reference
power input or power output for energy storage at bus i. The
nodes or buses with energy storage are denoted with the set
S. For simplicity’s consideration, there exists N = G∪L∪S,
G ∩ L = ∅, G ∩ S = ∅ and L ∩ S = ∅.
C. Constraints for the System Dynamics
The dynamics of power system with energy storage can be
expressed by (1)-(5). However, there are some practical limits
such as the frequency limits for several certain buses. The
system constraints are listed as follows,
|ωi| ≤ ω
max
i (6)
P e,mini ≤ P
e
i ≤ P
e,max
i (7)
Eal,li ≤
∫ t1
t0
P ei dt ≤ E
al,u
i (8)
where ωmaxi is the allowable frequency change of bus i,
P e,mini and P
e,max
i are the lower and upper limits of power
for energy storage at bus i, and Eal,li and E
al,u
i are the lower
and upper limits of energy change for storage at bus i, and
t0 and t1 are the initial and final time instance of concerned
time interval.
III. PROBLEM FORMULATION
In this section, the formulation for optimization problem
will be given. Centralized MPC will be reviewed first and the
procedure to implement distributed MPC will be introduced.
A. Centralized MPC
MPC calculates the optimal control inputs for a certain
objective at a selected future time horizon, and then only
the control input at the first time step is implemented. And
this process is repeated until the concerned full time period is
reached. This control method can better utilize future/predicted
information and feedback advantage is included.
K∑
i=1
(
S∑
s=1
cp,sP
e
s (k)/P
b +
S∑
s=1
cm,sMe,s(k)/M
b)× Ts
︸ ︷︷ ︸
control effort
+
K∑
i=1
(
N∑
i=1
|ωi|)× Ts
︸ ︷︷ ︸
control performance
(9)
subject to
System dynamic constraints (1)− (5)
Frequency contraints (6)
Power/Energy contraints (7), (8)
where P es (k) is the reference charged/discharged power of
storage and Me,s(k) is virtual inertia provided by storage at
bus s, cp,s and cm,s are the corresponding cost coefficients
3for power and virtual inertia respectively, K is the total time
steps in the control horizon.
It is noted that there are two objectives in the cost function,
and they have different units. To compare the perfermances
with different weights, we eliminate the units of P rs (k) and
Me,s(k) by dividing the base value P
b andM b respectively. In
the meanwhile, we need to discretize the system dynamics de-
scribed by (1)-(8), Euler discretization method is utlized [23],
and Ts is the discretization time step.
B. Distributed MPC
Distributed MPC calculates the objective function in central-
ized MPC with a distributed way [24]. Distributed calculation
allows different control centers in power system to make the
decision independently with limited information exchange, and
distributed MPC has been applied in many aspects of power
system [25], [26].
To compute the objective function in a distributed way,
decompostion method is needed. In this work, we adopt the a
proximal DC-ADMM (PDC-ADMM) method [27], [28]. We
list the main process to implement the distributed MPC,
Step 1) Initial Scenario/Parameter Setting
Partition power system into different areas (1,2,...,A)
without overlapping each other, and one control center is
assumed to exist in one control center.
Choose the whole time interval for the simulation
Ttotal, the time horzion for MPC Th, and the discretiza-
tion step Ts.
Determine the disturbance for the power system.
Step 2) Reformulate the centralized MPC
We first reformulate the problem into the following
forms,
A∑
a=1
(
Ap∑
p=1
cp,aP
e
p,a(k)/P
b +
Am∑
m=1
cm,aMm,a(k)/M
b)× Ts
+
A∑
a=1
Ag∑
g=1
cg,a|ωg,a| × Ts (10)
subject to
Ga(Xa) ≤ 0, a = 1, ..., A (11)
Ha(X1, ..., XA) ≤ 0, a = 1, ..., A (12)
Where a is the index for the area set A, Ap is the total
number of energy storage whose reference power can be
changed in area a, Am is the total number of energy
storage whose virtual inertia can be changed in area a,
Ag is the total number of buses whose frequencies are
concerned in area a, Ga(Xa) are the seperated constraints
and Ha(X1, ..., XA) are the coupling constraints.
And we denote the objective function in each area as
Fa(Xa), and it can expressed as follows,
Fa(Xa) = (
Ap∑
p=1
cp,aP
e
p,a(k)/P
b
+
Am∑
m=1
cm,aMm,a(k)/M
b)× Ts
+
Ag∑
g=1
cg,a|ωg,a| × Ts (13)
Step 3) Conduct distributed MPC
At the initial time horizon, we initialize the primal
variables in each area and Lagragian multipliers for the
coupling constraints, do one step simulation at each
subproblem, update primal variables and Lagragian
parameters as in Algorithm 2 in [28] .
We implement the control input at the first time step
of the initial time horizon. When the system moves to
next time step, we do the distributed optimization at
the next time horizon.
The precedure in Step 3) continues until the time
moves to the end of the whole time interval.
IV. CASE STUDY
In this section, we will implement centralized MPC and
distributed MPC on 2-bus system and 12-bus system re-
spectively. We will compare the performances in the cases
where the frequency regulation is purely by virtual inertia
or charged/discharged power of storage, and by combining
virtual inertia and charged/discharged power of storage. And
we will consider energy constraints of energy storage, and
the lower and upper constraints as -45 (p.u.·s) and 10 (p.u.·s)
respectively.
A. 2-bus system
Typical parameters will be utilized for this two bus system
for simplicity’s consideration, and centralized model predictive
control is implemented. The inertia and damping of generator
are fixed at 3s and -1 p.u. respectively during the transient
process. The range of virtual inertia for storage at bus 2 is
[1s, 15s], and the damping is -1 p.u. The power output of
generator at bus 1 is 3 p.u., power charge of storage at bus 2
is -3 p.u. at the initial timestep, and the bi,j = 50. There is
0.2 p.u. power increase at bus 1. The initial state of charge of
storage is 0 p.u.·s.
G
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Fig. 1. 2-bus test system.
For MPC on this two-bus system, the discretization time
step Ts=0.01s, and the looking-ahead time interval is Th=0.1s.
41) Constant Virtual inertia & Constant Power: In this case,
we fixed the power charge of storage at -3 p.u. and virtual
inertia of storage at 8 s. And the frequencies of these two
buses are given in Fig. 2. For this case, the energy increase of
storage is 90 (p.u.·s) from t=0s to t=30s.
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Fig. 2. Frequencies for the two buses.
It can be seen that energy stored at the storage has reached
the lower limit at t=15s, and then the system frequency
experiecne a large increase.
2) Constant Virtual Inertia & Variant Power: The fre-
quency of these two buses, and power change of storage are
shown in the Fig. 3 and Fig. 4 respectively.
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Fig. 3. Frequencies of two buses.
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Fig. 4. Power change of storage.
3) Variant Virtual Inertia & Constant Power: In this case,
only the virtual inertia from storage can be changed. The
frequnecy of these two buses are shown in Fig.5. And it can be
seen that there is no too much difference for the magnititudes
of frequency deviations between Fig. 2 and Fig. 5.
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Fig. 5. Frequencies of two buses.
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Fig. 6. Virtual inertia change of storage.
It also can be seen that the virtual inertia has a decrease at
the initial stage and climbs to the maximum value (15s) for
the following time to hinder the frequency increase.
4) Variant Virtual Inertia & Variant Power: In this case,
virtual inertia and power from storage can be changed, and
the frequencies of this two-bus system are shown as follows,
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Fig. 7. Frequencies of two buses.
Comparing Fig.7 with Fig.2, it can be seen that when power
and virtual inertia from storage can be controlled, the fre-
5quency change of these two buses has less deviations than the
one where power and virtual inertia is fixed. However, when
the energy from storage reaches the lower limit, controlling
power is useless, and thus, virtual inertia is controlled at the
maximim value (15s) to deter the increase of the frequency,
as shown in Fig.8 and Fig.9.
0 5 10 15 20 25 30 35
t (s)
-4
-3
-2
-1
0
1
2
3
Po
w
er
 (p
.u.
)
Fig. 8. Power change of storage.
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Fig. 9. Virtual inertia change of storage.
In this case, we can see that only controlling virtual inertia
of storage will significantly influence the frequecies of the two
buses by comparing Fig. 5 and Fig. 2. Controlling power will
have more effects on stabilizing the two-bus system frequency
by comparing Fig. 3 and Fig. 2. This is reasonable because
controlling power from storage can balance the power increase
at bus 1, however, only controlling virtual inertia can not
undertake this task.
B. 12-bus system
The 12-bus test system in Fig. 10 is modified from the well-
known two-area system in reference [29] and an additional
area is added as reference [30]. It contains 6 generators
and 6 loads. The transformer reactance is 0.15 p.u. and the
line impedance is (0.0001+0.001i) p.u./km. We still utilize
structure preserving model to describe the dynamics of power
system. The base capacity of this system for power flow
calculation is set as 100MVA. The inertia and damping of
original power system is given in Table I and the steady power
flow condition is given in Table II. It is assumed that there are
motor loads (including little inertia and damping) at the load
buses and bus 9 is a set as a reference bus in the system.
The time step is Ts=0.02s, the prediction horizon is
Th=0.12s the time interval for running the simulation is
Ttotal=40s. The contingency setting is power increase of
20MW (0.2 p.u.) at bus 1. In this case study, we will both
control power and virtual inertia from storage to regulate the
system frequency. Area 1 includes buses 1, 2, 3 and 4, area 2
includes buses 5, 6, 7 and 8, and area 3 includes buses 9, 10,
11, and 12.
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Fig. 10. 12-bus test system.
The frequencies of all the buses in this system is shown
in Fig. 11, it can be seen that before t=5.5s, the frequencies
tend to be stable, however, after t=5.5s the system frequency
becomes unstable and large oscillations happens.
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Fig. 11. Frequencies of 12-bus system.
Figure 12 shows that virtual inertia all choose to be the
minimum value 1s before t=6s, and after this, virtual inertia
change significantly to regulate the fluctuating frequency.
The power change of storage exibits a similar pattern: the
power change of storage is smooth before t=6s and oscillates
after t=6s, this is because energy in storage nearly touches the
upper limits, and then storage can not charge power as before.
This makes that power balance can not be maintained and the
system lose the frequency stability.
V. CONCLUSION
In this work, authors give a framework to control virtual
inertia and power from storage to regulate the system fre-
quency, Model predictive control is employed to undertake this
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Fig. 12. Virtual inertia change of storage.
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Fig. 14. Energy change of storage.
task, because model predictive control can be implemented for
the different system models. For the 2-bus system, centralized
MPC is employed, and for the 12-bus system, distributed MPC
is employed.
For the future work, authors want to give a optimization
framework to secure the frequency stability of power system
where the transmission grid and distribution grid are operated
together.
APPENDIX A
PARAMETERS FOR SIMULATION
TABLE I
INERTIA AND DAMPING DISTRIBUTION OF ORIGINAL POWER SYSTEM.
Bus. No. Inertia (s) / Damping (p.u.)
1, 2 15/3
5, 6 20/4
9, 10 10/2
3, 7, 11 1/0.1
TABLE II
POWER FLOW CONDITION.
Gen 1 2 5 6 9 10
P (MW) 138 1050 719 350 700 700
Load 3 4 7 8 11 12
P (MW) 400 567 490 800 400 1000
TABLE III
INITIAL PARAMETERS FOR SIMULATION.
Parameter Value Parameter Value
δ1(0) -0.1931 ω1(0) 0
δ2(0) -0.0452 ω2(0) 0
δ3(0) -0.2552 ω3(0) 0
δ4(0) -0.3340 ω4(0) 0
δ5(0) -0.1146 ω5(0) 0
δ6(0) -0.3681 ω6(0) 0
δ7(0) -0.4381 ω7(0) 0
δ8(0) -0.4960 ω8(0) 0
δ9(0) 0 ω9(0) 0
δ10(0) -0.1750 ω10(0) 0
δ11(0) -0.3150 ω11(0) 0
δ12(0) -0.4150 ω12(t) 0
De,4 0.1 p.u. De,8 0.1 p.u.
De,4 0.1 p.u. Me,4(t) [4s, 10s]
Me,8(t) [4s, 10s] Me,12(t) [4s, 10s]
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